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1 Irrationality of rational series
Various criteria for the irrationality of the sum of inﬁnite series of positive
rationals are known, see the references. We prove another criterion, which is
strictly related to the proof in [6] and to the results in [3], [4], [8].
The ﬁrst result is an easy step for the ﬁnal criterion and clarify the role of
the hypotheses.
1 Proposition. Given a1 > 1, a2 > 1 integers numbers, let (an) be the
sequence deﬁned by
an+1 = (a1a2 · · · an)γ1 , n > 2,
with 1 < γ1 ∈ N .
Let (bn) be a sequence of positive integers such that:
∃k1, γ2 ∈]0,+∞[ bn ≤ k1aγ2n−1 ∀n > 2.
If γ2 ∈ [0, 1] and γ1(1 − γ2) ≥ 1, then the series
∑
j
bj
aj
is convergent to an
irrational number. Moreover for every non decreasing sequence (cj) of positive
integers the series
∑
j
bj
ajcj
is convergent to an irrational number.
Proof. We remark that (an) is an increasing sequence and that by induc-
tion it can be checked that an+2 ≥ 2(2γ1)n for all n. Moreover, the following
inequalities hold:
0 <
bj
aj
≤ k1 (aj−1)
γ2
aj
= k1
1
(a1 . . . aj−2)γ1(1−γ2)(aj−1)γ1
≤k1 1
aγ1j−1
≤ k1 1
2γ1(2γ1)j−3
.
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As a consequence, the series
∑
j
bj
aj
is convergent. Arguing as in [6], assume that
the sum is a rational number α = pq , where p, q ∈ N and 1 ≤ q, and observe
that:
An =
(
p− q
n∑
j=1
bj
aj
) n∏
j=1
aj = q
( n∏
j=1
aj
) +∞∑
j=n+1
bj
aj
is a positive integer and An ≥ 1. Now:
An =q
( n∏
j=1
aj
) +∞∑
j=n+1
bj
aj
= qa
1
γ1
n+1
+∞∑
j=n+1
bj
aj
= q
+∞∑
j=n+1
bja
1
γ1
n+1
aj
≤q
+∞∑
j=n+1
bja
1
γ1
j
aj
≤ k1q
+∞∑
j=n+1
a
1
γ2
j−1
a
γ1−1
γ1
j
≤ k1q
+∞∑
j=n+1
1
(a1 . . . aj−2)γ1−γ1γ2−1a
γ1−1
j−1
≤k1q
+∞∑
j=n+1
1
[2γ1−1](2γ1)j−3
.
Then from the convergence of the series
∑+∞
j=n+1
1
[2γ1−1](2γ1)
j−3 , we have An < 1
for n large and a contradiction follows. The last statement easily follows from
the inequalities:
bj
cjaj
≤ bj
aj
and, since (cj) is non a decreasing sequence:
+∞∑
j=n+1
bj
cjaj
n∏
j=1
(cjaj) ≤
+∞∑
j=n+1
cn+1bj
cjaj
n∏
j=1
aj ≤
+∞∑
j=n+1
bj
aj
n∏
j=1
aj .
QED
Now we can state our main result.
2 Theorem. Given a1 > 1, a2 > 1, and let (an) be a sequence of positive
integers such that:
∃k1, k2, α1, α2 ∈]0,+∞[ k1(a1a2 · · · an)α1 ≤ an+1 ≤ k2(a1a2 · · · an)α2 (1)
for all n > 3. Let (bn) be a sequence of positive integers such that
∃k3, γ ∈ [0,+∞[ bn ≤ k3aγn−1 ∀n > 3. (2)
If the following conditions hold:
α1 − γα2 ≥ 0 (3)
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(α1 + α2)
α1
α2
> 1;
k
1
α2
2
kα11
1
2
α21((α1+α2)
α1
α2
−1) < 1 (4)
α1 > 1 (5)
k1
k
α1
α2
2
≥ 1, (6)
then the series
∑
j
bj
aj
converges to an irrational number; moreover if (cj) is
an increasing sequences of positive integers then also
∑
j
bj
cjaj
converges to an
irrational number.
Proof. By (1) and (6) we have:
an+1 ≥ k1
k
α1
α2
2
a
(α1+α2)
α1
α2
n ≥ an.
Hence the sequence (an) is non decreasing. Moreover from (1) we deduce:
an+3 ≥ k
∑n
j=1 (
α1
α2
(α1+α2))j
1
k
α1
α2
∑n−1
j=1 (
α1
α2
(α1+α2))j
2
2
2α1((α1+α2)
α1
α2
)n ≡ Dn
and the following inequalities hold:
bn+4
an+4
≤ k3a
γ
n+3
an+4
≤ k3k
γ
2
k1
1
(a1a2 . . . an+2)α1−γα2aα1n+3
≤ k3k
γ
2
k1
1
aα1n+3
≤ k3
k
γ
2
k1D
−1
n .
Consider now the series
∑
nD
−1
n , and remark that:
D−1n+1
D−1n
=
⎡⎣k 1α22
kα11
1
2
2α1((α1+α2)
α1
α2
)
⎤⎦[
α1
α2
(α1+α2]n
Then by (4), the series
∑
nD
−1
n is convergent; hence also
∑
j
bj
aj
is convergent.
Assume that the sum is a rational number pq , where p, q ∈ N and 1 ≤ q, as
in the previous proposition. Observe that
An =
(
p− q
n∑
j=1
bj
aj
) n∏
j=1
aj = q
( n∏
j=1
aj
) +∞∑
j=n+1
bj
aj
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is a positive integer and An ≥ 1. But we remark that:
1 ≤An ≤ q
k
1
α1
1
+∞∑
j=n+1
bja
1
α1
j
aj
≤ k3q
k
1
α1
1
+∞∑
j=n+1
aγj−1
a
α1−1
α1
j
≤ k3q
k
1
α1
1
+∞∑
j=n+1
kγ2 (a1 . . . aj−2)
γα2
k
α1−1
α1
1 (a1 . . . aj−1)α1−1
≤qk3k
γ
2
k1
+∞∑
j=n+1
1
(a1 . . . aj−2)α1−α2γaα1−1j−1
≤ qk3k
γ
2
k1
+∞∑
j=n+1
1
aα1−1j−1
≤qk3k
γ
2
k1
+∞∑
j=n+1
[
k
α1
α2
∑j−5
i=0 (
α1
α2
(α1+α2))i
2
k
∑j−4
i=0 (
α1
α2
(α1+α2))i
1
1
2
2α1(
α1
α2
(α1+α2))j−4
]α1−1
=
qk3k
γ
2
k1
+∞∑
j=n+1
[
k
1
α2
∑j−5
i=0 (
α1
α2
(α1+α2))i
2
k
α1
∑j−4
i=0 (
α1
α2
(α1+α2))i
1
1
2
2α12(
α1
α2
(α1+α2))j−4
]
α1−1
α1
=
qk3k
γ
2
k1
+∞∑
j=n+1
(D−1j−4)
α1−1
α1 .
Since the series
∑
j(D
−1
j )
α1−1
α1 is convergent, we have limnAn = 0, a contradic-
tion follows and the irrationality of the sum is proved.
The last statement can be proved as in Proposition 1. QED
Let us show some examples to which our result can be applied. If we choose
α1 = 2 and α2 = 4, we can select 0 < γ ≤ 12 and 0 < k2 ≤ k21.
Theorem 2 ensures the following abstract scheme for the irrationality of the
sum of a rational series.
3 Theorem. Consider a pair ((an), ψ), where (an) is a strictly increasing
sequence of positive integers and ψ : [0,+∞[→]0,+∞[ is an increasing function.
Assume that
n∏
j=1
aj ≤ ψ(an+1). (7)
and take h : [1,+∞[→ [0,+∞[ non increasing such that∫ +∞
1
h(ξ)dξ < +∞. (8)
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Then for every sequence (bj) of positive integers for which:
bj
aj
ψ(aj) ≤ h(aj), (9)
the series
∑
j
bj
aj
is convergent and the sum is an irrational number.
Proof. Since
bj
aj
≤ bj
aj
ψ(aj)
1
ψ(aj)
≤ h(aj)
ψ(aj)
≤ h(aj)
ψ(1)
,
for n > a1 we have
n∑
j=1
bj
aj
≤
n∑
j=1
h(aj)
ψ(1)
≤ 1
ψ(1)
n∑
j=1
h(aj)(aj+1 − aj)
aj+1 − aj
≤ 1
ψ(1)
n∑
j=1
h(aj)(aj+1 − aj) ≤ 1
ψ(1)
∫ n
a1
h(ξ)dξ.
Then the series
∑
j
bj
aj
is convergent. Arguing as in the proof of Theorem 2, we
have:
1 ≤ An =q(
n∏
j=1
aj)
+∞∑
j=n+1
bj
aj
≤ qψ(an+1)
+∞∑
j=n+1
bj
aj
≤ q
+∞∑
j=n+1
bjψ(aj)
aj
≤
+∞∑
j=n+1
h(aj) ≤
+∞∑
j=n+1
h(aj)(aj+1 − aj) ≤ q
∫ +∞
an
h(ξ)dξ.
From (8), An → 0 and we get a contradiction. QED
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